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CONSTRUCTING CO-HIGGS BUNDLES ON CP2
STEVEN RAYAN
ABSTRACT. On a complex manifold, a co-Higgs bundle is a holomorphic
vector bundle with an endomorphism twisted by the tangent bundle. The
notion of generalized holomorphic bundle in Hitchin’s generalized geome-
try coincides with that of co-Higgs bundle when the generalized complex
manifold is ordinary complex. Schwarzenberger’s rank-2 vector bundle on
the projective plane, constructed from a line bundle on the double cover
CP1 ×CP1 → CP2, is naturally a co-Higgs bundle, with the twisted endo-
morphism, or “Higgs field”, also descending from the double cover. Allowing
the branch conic to vary, we find that Schwarzenberger bundles give rise to
an 8-dimensional moduli space of co-Higgs bundles. After studying the defor-
mation theory for co-Higgs bundles on complex manifolds, we conclude that
a co-Higgs bundle arising from a Schwarzenberger bundle with nonzero Higgs
field is rigid, in the sense that a nearby deformation is again Schwarzenberger.
1. INTRODUCTION
The goal of this paper is to explore an observation of Gualtieri [7, §4.1], namely that
by considering ordinary complex manifolds in the context of generalized geometry,
there is an enlargement of the category of holomorphic bundles. The additional
objects have the following form:
Definition 1.1. If X is a complex manifold with tangent bundle TX , then a co-
Higgs bundle on X is a holomorphic vector bundle V → X together with a map
Φ ∈ H0(X, (EndV )⊗ TX) for which Φ ∧ Φ = 0 ∈ H0(X, (End V)⊗ ∧2TX).
For generalized complex manifolds, there is an appropriate notion of bundle, called
a “generalized holomorphic bundle”. When we consider ordinary complex mani-
folds as examples of generalized complex manifolds, the definition of generalized
holomorphic bundle in [8, §3.2] coincides with Definition (1.1). The key point is
that a generalized holomorphic bundle on an ordinary complex manifold is not
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2 CONSTRUCTING CO-HIGGS BUNDLES ON CP2
simply a holomorphic vector bundle, although holomorphic vector bundles are
examples, arising when Φ = 0.
The reasoning behind the name “co-Higgs bundle” is that the object in Def-
inition (1.1) resembles what is usually called a Higgs bundle, except that Φ takes
values in T∨X for a Higgs bundle. It is common in the theory of Higgs bundles to
refer to the data Φ as a Higgs field and we will use this terminology here. We
sometimes write integrable Higgs field to emphasize that Φ satisfies Φ ∧ Φ = 0.
Owing to the analogy with Higgs bundles, many features of Higgs bundles
and their moduli spaces carry over to co-Higgs bundles. For one, Higgs bundles
come with a natural stability condition, discovered by Hitchin in [9], generalizing
Mumford’s slope stability for vector bundles. We can adapt the stability condition
for use here, allowing us to discuss moduli spaces of co-Higgs bundles.
Definition 1.2. A co-Higgs bundle (V,Φ) on a complex projective manifold X is
semistable if
degU
rkU
≤ degV
rkV
(1.3)
for all coherent subsheaves 0 6= U ( V satisfying Φ(U) ⊆ U ⊗ T , and stable if
(1.3) is strict for all such U .
The projectivity assumption is used in the definition of the degree. Stability for
ordinary vector bundles without Higgs fields is recovered by taking Φ = 0. When
V is fixed, we refer to Φ as (semi)stable whenever the pair (V,Φ) is (semi)stable.
There are situations in this paper where it will be necessary to consider pairs (V, φ)
in which φ is an endomorphism taking values in a line bundle L. For these objects,
the stability condition is identical, simply with L in place of TX .
Examples of co-Higgs bundles have appeared in other studies recently. In
[15], we prove an existence theorem characterizing exactly those splitting types on
CP1 for which stable co-Higgs bundles exist. There are no stable co-Higgs bundles
with nonzero Higgs field on curves of genus g > 1. (When g = 1, a co-Higgs bundle
is the same thing as a Higgs bundle in the usual sense.) In [10], Hitchin constructs
examples of generalized holomorphic bundles on complex manifolds. A seed for the
primary construction in our paper, using Schwarzenberger bundles, was planted
in Hitchin’s paper.
In the curve case, the only concern is stability. Complex surfaces are a dif-
ferent story, at least at rank 2. The integrability condition Φ∧Φ = 0 is nontrivial,
and is the main obstacle to finding examples of co-Higgs bundles. The major-
ity of this paper is occupied with constructing rank-2 examples on the complex
projective plane.
For convenience, we will restrict from now on to trace-zero Higgs fields, which
we signify by Φ ∈ H0(X, (End0V )⊗ TX).
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1.1. Results
A portion of this paper is devoted to deformation theory. As the most general
part of the paper, it applies to co-Higgs bundles of arbitrary rank on complex
manifolds of any dimension. The condition Φ ∧ Φ = 0 gives rise to the complex
End0V
∧Φ−→ (End0V )⊗ TX ∧Φ−→ (End0V )⊗ ∧2TX ∧Φ−→ · · ·
that controls the deformation theory and whose spectral sequence computes the
tangent space to the moduli space near (V,Φ).
Before constructing explicit examples, we justify the attention given to CP2
amongst complex surfaces. We provide a vanishing theorem (Theorem 4.2) for sta-
ble rank-2 co-Higgs bundles on general-type projective surfaces. The proof of the
theorem hints that stable rank-2 examples might be found wherever holomorphic
sections of S2TX are plentiful. The projective plane is a reasonable place to start,
considering that h0(S2TCP2) = 27.
If ρ is an irreducible element of H0(CP2,O(2)), then ρ = 0 defines a nonsin-
gular conic, as well as a degree-2 covering of CP2 by a smooth quadric CP1×CP1
branched over the conic. Each such conic also determines a sequence of rank-2
vector bundles, {V ρk }k≥0. If fρ is the covering map, then we define
V ρk := f
ρ
∗O(0, k)
for each k ≥ 0, where O(0, k) := O1 ⊗ O2(k), with O1 pulled back from one
ruling and O2 from the other. The bundles V ρk , called Schwarzenberger bundles,
were first studied in [17]. They are likely the earliest examples of indecomposable
holomorphic bundles on a complex surface. (Only V ρ0 and V
ρ
1 are decomposable.
For k ≥ 2, the bundles are indecomposable and stable.) In Schwarzenberger’s
original study, the branch conic is a fixed nonsingular conic. We allow the conic to
vary and study the moduli problem for co-Higgs bundles whose underlying vector
bundles are Schwarzenberger bundles arising from nonsingular conics.
We show that Schwarzenberger bundles come naturally with integrable Higgs
fields taking values in the tangent bundle of CP2. Like the Schwarzenberger
bundles themselves, these Higgs fields descend from the line bundle on the double
cover. We show that for all k the moduli space of co-Higgs bundles arising from
Schwarzenberger bundles for nonsingular conics is 8-dimensional. For k = 0 and
k = 2, the moduli space is the total space of a vector bundle over a complex
projective space. For k ≥ 3, the moduli space admits two canonical fibrations,
over projective spaces of different dimension. For k = 1, we construct a dense
open set of the moduli space, which itself is the total space of a vector bundle. For
k = 0, 1, 2, our moduli descriptions include the singular conics.
That the moduli space is 8-dimensional in every case is an application of the
deformation theory, which we compute using cohomologies of exact sequences on
the double cover.
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1.2. Range of the construction
Let H be the Chern class of OCP2(1). To measure the coverage our con-
struction provides with respect to possible Chern classes (c1, c2) ∈ ZH ×ZH2, we
normalize the classes so that (c1, c2) ∈ {0,−H} × ZH2. For each integer k ≥ 0,
our construction produces two 8-dimensional families of stable rank-2 co-Higgs
bundles, one for (c1, c2) = (0, k(k − 1)H2) and another for (c1, c2) = (−H, k2H2).
1.3. Facts about stability and bundles on CP2
It will be useful to have at hand a couple of well-known facts about slope
stability:
• For any stable (V,Φ), the subspace of H0(EndV ) consisting of endomor-
phisms that commute with Φ is generated by 1V , and (V,Φ) is said to
be simple. In particular, if (V,0) is simple, then V is said to be a simple
vector bundle.
• When X is nonsingular and V is a rank-2 bundle, we need only check (1.3)
for sub-line bundles.
We will also use the following facts about bundles on CP2: the only rank-2 locally-
free sheaf with (c1, c2) = (0,−H2) is O⊕O(−1); with (c1, c2) = (0, 0), only O⊕O;
and with (c1, c2) = (3H, 3H
2), only T .
1.4. Some additional notation
We will read EndV ⊗ TX as (EndV ) ⊗ TX . We use T without subscript to
mean the tangent bundle of projective space. If V is a vector bundle on CPn,
then for economy we write V (a) for V ⊗O(a) and EndV (a) for (EndV )⊗O(a).
We write Hi(F) for the sheaf cohomology Hi(X,F) whenever X — usually CP2
or CP1 ×CP1 — is understood.
Acknowledgements. I thank Nigel Hitchin for introducing me to this topic and for
his insights. I acknowledge Nicolas Addington, Daniel Halpern-Leistner, Jonathan
Fisher, Marco Gualtieri, Peter Gothen, Tama´s Hausel, Lisa Jeffrey, Brent Pym,
and Justin Sawon for useful discussions. Thomas Peternell was indispensible in
proving a vanishing theorem [14, Cor.9] required for a result in this paper. Parts
of this work were completed under funding from the Commonwealth Scholarship
& Fellowship Plan and the Natural Sciences & Engineering Research Council of
Canada.
2. SIMPSON’S MODULI SPACES
In [19] and [20], Simpson constructs in two different ways a coarse moduli
space of Higgs sheaves on a smooth projective variety of arbitrary dimension.
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The first method is a direct GIT quotient giving the moduli space of coherent
sheaves of Λ-modules on a projective variety X, where Λ is a sheaf of OX -algebras
(possessing a filtration with certain properties). Taking Λ = Sym•(TX) gives the
moduli space of coherent Higgs sheaves on X. In the second construction, Simpson
passes to the spectral correspondence: coherent Higgs sheaves on X with fixed
characteristic polynomial are identified with ordinary generically rank-1 coherent
sheaves on a subvariety S of a compactification of the cotangent bundle (supported
away from the divisor at infinity). Accordingly, the moduli space of Higgs sheaves
on X with fixed characteristic polynomial and the moduli space of sheaves of Λ-
modules on S for Λ = OS are isomorphic as varieties. Allowing the characteristic
polynomial to vary produces a fibration where the fibre is the moduli space of Higgs
sheaves with a fixed characteristic polynomial and the base is the affine space of
characteristic coefficients. This is the Hitchin fibration. The total space of this
fibration is isomorphic as a variety to the moduli space arising from Simpson’s
first construction.
For these moduli spaces, there is Gieseker’s stability condition, which uses
the Hilbert polynomial of a sheaf in lieu of the degree. Although the examples
we construct are slope stable, it is also well-known that slope stability implies
Gieseker stability. Therefore, if we replace Λ = Sym•(TX) with Λ = Sym•(Ω1X)
in Simpson’s first construction, or the cotangent bundle with the tangent bundle
in the second construction, then the co-Higgs bundles constructed in this paper
are points in one of Simpson’s moduli spaces of Λ-modules.
Because of the great generality of Simpson’s construction, it is difficult to
extract concrete information about the global moduli space of co-Higgs bundles.
In particular, there is no obvious formula for the dimension of the space at a point
in terms of the Chern classes of the underlying bundle. Therefore, we focus on
studying specific examples, and use deformation theory to see some of the local
structure of the moduli space.
Remark 2.1. The Hitchin map on Simpson’s moduli space — the map sending
a Higgs field to the coefficients of its characteristic polynomial — is proper [20,
Thm.6.11]. The families we construct will exhibit this property; however, it is
important to note that because we are neither using Gieseker stability nor allowing
sheaves that fail to be locally free, it cannot be expected a priori for properness
to be seen.
The subvariety S of T∨X in Simpson’s second construction is called a spectral
cover : it is a sheeted cover of X whose sheets are eigenvalues of Φ. In our case,
the cover will be embedded in the total space of TX . We will use the following
fact: if Φ ∧ Φ = 0 and if the spectral cover belonging to Φ is smooth, then the
dimension of ker [−,Φ] is minimal at every point of X. We will call such Φ regular.
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In particular, Φx may be nilpotent but Φx 6= 0 for any x ∈ X. (See remarks in
[5], and in particular [11, Rmk.3.1].)
While our focus is on Higgs fields taking values in the tangent bundle, it will
be necessary in our arguments to consider Higgs fields taking values in a line bundle
L. If φ ∈ H0(End0V ⊗ L), then by φ∨ we mean the dual element in the vector
space Γ(Hom(V ∨, V ∨⊗L)). Because we have Hom(V ∨, V ∨⊗L) = Hom(V, V ⊗L),
we can regard φ and φ∨ as elements of the same vector space, H0(End0V ⊗ L).
Lemma 2.2. Let (V, φ) be a regular Higgs bundle on a smooth complex manifold
with φ ∈ H0(End 0V ⊗ L). Then, we have a short exact sequence
0 −→ L∨ φ−→ End 0V [−,φ]−→ Q −→ 0,(2.3)
where Q is the sheaf-theoretic image of [−, φ] in End 0V ⊗L. Now regard φ as an
element of Γ(Hom(End 0V ⊗ L,L⊗2)); if for some c ∈ C we have φ∨ = cφ, then
ker φ ∼= Q.
Proof. Begin by considering φ as an element of Γ(Hom(L∨,End0V )). The image
φ(L∨) is in the kernel of [−, φ] : End0V → End0V ⊗L. The regularity of φ means
that dim[−, φ] is minimal, and so im φ = ker [−, φ], producing for us the short
exact sequence. Now assume that φ∨ = cφ. Take the maps L∨
φ−→ End0V [−,φ]−→
End0V ⊗ L and complete them to a four-term exact sequence
0 −→ L∨ φ−→ End0V [−,φ]−→ End0V ⊗ L −→M −→ 0,(2.4)
wherein M is a line bundle. The dual of this sequence is
0 −→M∨ φ
∨
−→ End0V ⊗ L∨ [φ
∨,−]−→ End0V −→ L −→ 0,
which is equivalently
0 −→M∨ cφ−→ End0V ⊗ L∨ −c[−,φ]−→ End0V −→ L −→ 0.(2.5)
The sequences (2.4) and (2.5) differ only by a twist by L∨, meaning that M = L⊗2.
Then (2.4) becomes
0 −→ L∨ φ−→ End0V [−,φ]−→ End0V ⊗ L φ−→ L2 −→ 0
from which the second claim in the statement of the lemma must follow. 
3. DEFORMATIONS OF CO-HIGGS BUNDLES ON COMPLEX
MANIFOLDS
Let X be a complex manifold of any dimension; (V,Φ), a co-Higgs bundle over
X. The condition Φ∧Φ = 0 makes ∧Φ into a differential on Cˇech cochains for the
bundle End0V ⊗ ∧•TX . The operation ∧Φ commutes with the Cˇech coboundary
δ, making the total module
(C•(End0V ⊗ ∧•TX); D = δ + ∧Φ)
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into a first-quadrant double complex.
A spectral sequence is defined by choosing the 0-th page to be the module
(Ep,q0 = C•(End0V ⊗ ∧•TX); d0 = δ),
noting that d0 : Ep,q0 → Ep,q+10 . Then proceed by setting:
(i) Ep,q1 = Hqd0(E
p,•
0 ) = H
q(End0V ⊗ ∧pTX)
(ii) d1 = ∧Φ : Ep,q1 → Ep+1,q1 (acting on Cˇech q-cochains)
(iii) Ep,q2 = Hpd1(E
•,q
1 ) =
ker Hq(End0V ⊗ ∧pTX) ∧Φ−→ Hq(End0V ⊗ ∧p+1TX)
im Hq(End0V ⊗ ∧p−1TX) ∧Φ−→ Hq(End0V ⊗ ∧pTX)
In addition to p, q ≥ 0, the sequence enjoys these finiteness properties:
Hq(End0V ⊗ ∧pTX) = 0 when either p, q > dim(X). Note that d2 : Ep,q2 →
Ep+2,q−12 is given by
d2(ψ) = θ ∧ Φ,(3.1)
where θ ∈ Cq−1(End0E⊗∧p+1T ) is the solution of the equation ψ ∧Φ− δθ = 0 ∈
Cq(End0E ⊗∧p+1TX). We are interested in d2 because of the following fact from
homological algebra:
Proposition 3.2. If H• is the hypercohomology of the double complex, then there
is an exact sequence
0 −→ E1,02 −→ H1 −→ E0,12 d2−→ E2,02 −→ H2.(3.3)
For the applications we have in mind, we will always have d2|E0,12 = 0. Note
that, in this case, a first-order deformation of (V,Φ) has two components: a defor-
mation in E1,02 and a deformation in E0,12 . First-order deformations of the Higgs
field that are holomorphic with respect to the given complex structure on V are
given by elements of
E1,02 =
ker H0(End0V ⊗ TX) ∧Φ−→ H0(End0V ⊗ ∧2TX)
im H0(End0V )
∧Φ−→ H0(End0V ⊗ TX)
.(3.4)
On the other hand,
E0,12 = ker H1(End0V ) ∧Φ−→ H1(End0V ⊗ TX)(3.5)
is a space of Kodaira-Spencer classes for V , but only those corresponding to first-
order deformations of the bundle V along which the given Φ remains holomorphic.
Remark 3.6. The deformation theory for Higgs bundles on nonsingular curves
appears in the works of Nitsure, Biswas and Ramanan, and Bottacin; respectively
[13], [1], and [3]. The theory for Higgs bundles on curves can be recovered from
the sequences above by replacing TX with T
∨
X = ωX throughout, and noting that
nonzero terms on the E•,•2 page will be concentrated in the band 0 ≤ p, q ≤ 1.
8 CONSTRUCTING CO-HIGGS BUNDLES ON CP2
4. VANISHING THEOREMS
On surfaces, the presence of stable co-Higgs bundles is skewed to the non-
positive end of the Kodaira spectrum, at least for rank 2. Theorem 4.2 below
supports this.
Lemma 4.1. Let X be a nonsingular complex projective surface with a rank-2
co-Higgs bundle (V,Φ) → X for which det(Φ) = 0. If Φ is not identically zero,
then there exist line bundles L and M on X with the following properties: V is an
extension
0→ L→ V →M ⊗ IZ → 0
in which IZ is an ideal sheaf of points Z ⊂ X; L = ker Φ; and Φ is a global
holomorphic section of M∨ ⊗ L⊗ TX .
Proof. Since V has rank 2, tr(Φ) = 0 and det(Φ) = 0 together imply that Φ
is nilpotent. Since Φ itself is not identically zero, there must exist a line bundle
L = ker Φ included as a sheaf in V , and therefore a short exact sequence of sheaves
0→ L→ V →M ⊗ IZ → 0
in which M is a line bundle on X and Z ⊂ X is a set of points. It follows that
Φ ∈ H0(X, (M ⊗ IZ)∨ ⊗ L⊗ TX).
We may extend Φ uniquely over Z by the theorem of Hartogs, and so we have
Φ ∈ H0(X,M∨ ⊗ L⊗ TX), once we agree to reuse Φ for the extension. 
Theorem 4.2. Let ι : X ↪→ CPN be a nonsingular, connected surface of general
type, and let (V,Φ) → X be a semistable rank-2 co-Higgs bundle with c1(V ) = 0
or c1(V ) = −H, where H = c1(ι∗O(1)). Then, Φ = 0.
Proof. We do c1(V ) = 0 first. With X as in the statement, we must have
H0(X,S2TX) = 0. This follows from a more general vanishing result of Peternell
[14, Cor.9], saying that H0(X,T⊗m) = 0 for all m ≥ 1 when X is of general type.
This means that det Φ = 0. By Lemma 4.1, V has a sub-line bundle L and Φ is in
H0(X,L2⊗TX). Since (V,Φ) is semistable, it must follow that degL ≤ 0, which in
turn means degL−2 ≥ 0. By definition, this means that L−2.C ≥ 0 for any curve
C in the linear system |ι∗O(1)|, and so it follows that L−2 is pseudo-effective (see
Theorem 0.2 and Corollary 0.3 of [4]). Peternell shows that H0(X,TX ⊗D∨) = 0
for any pseudo-effective line bundle D on a projective manifold of general type [14,
Cor.9]. If we take D = L−2, then H0(L2⊗TX) = 0, and Φ must vanish identically.
In the c1(V ) = −H case, we have Φ ∈ H0(X,M∨ ⊗L⊗ TX) where c1(M) =
−(1 + k)H and c1(L) = kH for some k, and so deg(M∨L) = 1 + 2k. For semista-
bility, we need degL = k ≤ −1/2, i.e. k ≤ −1. This means that deg(M∨L)∨ ≥ 1,
and the remainder of the argument proceeds as in the even case. 
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A similar theorem holds for K3 surfaces, but the proof has a different flavour.
We will give an outline, in the case of c1(V ) = 0. When X is K3, we have
H0(S2TX) = 0. From Lemma 4.1, if X admits a stable rank-2 co-Higgs bundle
(V,Φ), then there exists a line bundle L included as a subsheaf in V , and Φ is
an element of H0(X,L2 ⊗ TX). We can use the vanishing theorem of Kobayashi
and Wu [12, p.1] to show H0(L2⊗ TX) = 0, by proving that there exists a certain
curvature (1, 1)-form F on L that is negative definite after being contracted with
the metric coming from the Ka¨hler form ω on X. (The vanishing of the Ricci
tensor means that the curvature on L2 ⊗ TX comes from L2.) We can construct
F out of any curvature form F0 on L, using the fact that the stability condition
deg(L) < 0 means that every F0 must satisfy
∫
X
F0 ∧ ω =
∫
X
[c1(L)].[ω] = c < 0.
We use Hodge theory to produce a function h such that F = F0 + ∂∂¯h is a tensor
with the desired properties.
A reason to posit that CP2 might be a generous source of co-Higgs bundles
is that the vanishing theorem ties the existence of stable rank-2 examples to the
availability of holomorphic sections of S2TX . The projective plane has many.
5. THREE EXAMPLES
From now on, CHB(k1, k2) stands for the moduli space of stable rank-2
co-Higgs bundles on CP2 with Chern classes (c1, c2) = (k1H, k2H
2).
5.1. Examples 1 and 2: decomposable cases
It is natural to start with extensions of one line bundle by another, say, L1
by L2. On CP
2, the only such extensions are the trivial ones. Not every direct
sum, however, admits a stable Φ.
Proposition 5.1. Suppose that there exists a stable Φ ∈ H0(CP2,End0V ⊗ T )
for V = O(m1)⊕O(m2). Then |m1 −m2| ≤ 1.
Proof. Consider the Euler sequence on CP2:
0 −→ O −→
3⊕
i=1
O(1) −→ T −→ 0.(5.2)
If we twist the terms of the sequence by O(−d) for any d > 1, then the free terms
become O(−d) and ⊕3i=1O(1−d), respectively, which are sums of negative-degree
line bundles only. Therefore, T (−d) has no global sections for d > 1.
Assume without loss of generality that m1 ≥ m2. The Higgs field Φ has a
component ψ : O(m1)→ T (m2) ∈ H0(T (m2 −m1)). If m1 −m2 > 1, then ψ = 0
and O(m1) is invariant and destabilizing, contradicting the stability of (V,Φ). 
After we impose c1(V ) = −H or c1(V ) = 0, stability permits only V =
O ⊕O(−1) or V = O ⊕O, respectively.
We begin with V = O ⊕O(−1). Each Φ ∈ H0(End0V ⊗ T ) takes the form
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Φ =
(
A B
C −A
)
for some A ∈ H0(T ), B ∈ H0(T (1)), and C ∈ H0(T (−1)). This is a stable Higgs
field for V if and only if C is not identically zero, so that the trivial sub-line bundle
in V is not preserved. The pair (V,Φ) is a stable co-Higgs bundle if and only if
C 6= 0 and the form
Φ ∧ Φ =
(
B ∧ C 2A ∧B
2C ∧A C ∧B
)
vanishes identically. This vanishing is equivalent to A, B, and C satisfying the
simultaneous system
A ∧B = 0, A ∧ C = 0, B ∧ C = 0 .
Since C is not identically zero, C vanishes on a single point p ∈ CP2. Away from
p, the simultaneous conditions imply that A = λC and B = µC, where λ is a
section of O(1) and µ is a section of O(2) over CP2\ {p}. Hartogs’ theorem allows
us to extend each of λ and µ uniquely to sections over the whole of CP2. Thus,
every stable Φ satisfying Φ ∧ Φ = 0 can be written
Φ = φ⊗ C =
(
λ µ
1 −λ
)
⊗ C,
where C ∈ H0(T (−1))\ {0} and the matrix part is a section φ ∈ H0(End0V (1)).
Using the automorphism
Ψ =
(
1 λ
0 1
)
of V = O ⊕O(−1), we can transform Φ within its equivalence class to
Ψ−1ΦΨ =
(
0 q
1 0
)
⊗ C =
(
0 qC
C 0
)
,
where q = −detφ = λ2 + µ ∈ H0(O(2)) ∼= C6. It is clear that the data (q, C)
determines a unique Higgs field Φ, but not vice-versa. If we scale C by any
t ∈ C∗ and q by t−2, then we obtain the same Φ. (Equivalently, the family of
automorphisms Ψt = diag(t, t
−1) fixes Φ.) In other words, the moduli space of
stable, integrable Higgs fields for V = O⊕O(−1) is a quotient of C6 ×C3 by C∗
acting with weight −2 on C6 and with weight 1 on C3. According to the stability
condition C 6= 0, this quotient is (C6 ×C3\ {0})//C∗, which is isomorphic to the
total space of the rank-6 vector bundle OCP2(−2)⊕6. (The opposite linearization,
C3\ {0} ×C3, would have resulted in an orbi-line bundle. This quotient problem
is discussed in §2.4 of [16].) We package this discussion as
Theorem 5.3. The moduli space CHB(−1, 0) is isomorphic to the total space of
OCP2(−2)⊕6.
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The V = O ⊕O case has a complication. Now, a Higgs field Φ is a matrix
Φ =
(
A B
C −A
)
whose entries A, B, C are holomorphic vector fields. There are no unstable Higgs
fields whatsoever, but there are semistable ones that are not stable — in particular,
Φ = 0. More generally, when one of B or C is identically zero, a degree 0 sub-
line bundle will be preserved. Recall that slope-semistable objects are subject to
S-equivalence, first introduced for vector bundles in [18], identifying those points
whose associated graded objects are identical. (The underlying bundle V = O⊕O
is fixed, so we need only concern ourselves with identifying associated graded Higgs
fields.)
Let
S˜ =
{
Φq,C =
(
0 q
1 0
)
C
∣∣∣∣∣ q ∈ C and C ∈ H0(T )\ {0}
}/
∼,
where ∼ is the C∗ action defined by letting matrices with the form ψt =
(
t 0
0 t−1
)
act by conjugation on the Φq,C . The action of Ψt =
(
t 0
0 t−1
)
identifies Φq,C
with Φt−4q,t2C . In other words, C
∗ acts with weight −2 on q and +1 on C, and
we have S˜ ∼= Tot(OCP2(−2)⊕6), cf. [16, §2.4]. Let S˜0 stand for the contraction of
the zero section to a point, which we represent by Φ = 0.
Theorem 5.4. S˜ is an open dense subset of CHB(0, 0).
Proof. Let {s = 0} stand for the zero section of S˜ ∼= Tot(OCP2(−2)⊕6). It is
clear that S˜\ {s = 0} is a subset of CHB(0, 0), for after quotienting S˜ by ∼, the
assignment of an element [Φq,C ] ∈ S˜0 to its determinant q ⊗ C ⊗ C ∈ H0(S2T )
is injective. Along the zero section, the determinant is constant (and equal to 0),
but the corresponding Higgs fields Φ0,C are non-isomorphic for different C ∈ CP2.
However, S-equivalence replaces all of the Φ0,C with the zero Higgs field. Therefore,
while S˜ is not a subset of CHB(0, 0), the contraction S˜0 is.
Now, consider those Φ =
(
A B
C −A
)
for which C is not identically zero
and vanishes at a single point in CP2. We use S to denote the set of such Φ in
H0(End0V ⊗ T ). By the same argument as for for O ⊕ O(−1), the solutions of
Φ ∧ Φ = 0 in S are those A,B,C for which A = aC and B = bC, where a, b ∈ C.
A gauge transformation Ψ =
(
1 a
0 1
)
takes a solution Φ to Φq,C =
(
0 q
1 0
)
C,
where q = a2 + b ∈ C. Again, the isomorphism class of Φ does not determine
(q, C) uniquely. To remedy this, we take the quotient S/ ∼, and then identify
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those points of the form Φ0,C , as per S-equivalence. The final quotient is a proper
subset of S˜0. That S˜0 is open dense in CHB(0, 0) comes from the fact that C 6= 0
is generic. 
Corollary 5.5. The moduli space CHB(0, 0) is 8-dimensional.
Corollary 5.6. The moduli spaces CHB(−1, 0) and CHB(0, 0) are not isomor-
phic as varieties.
Remark 5.7. Because of the zero Higgs field, S˜0 is not a subvariety of a Simpson
moduli space. (Slope stable implies Gieseker stable, but slope semistable does not
imply Gieseker semistable in general.) The set S˜ with the zero section excised
completely is, on the other hand, contained in a Simpson moduli space.
5.2. Example 3: the tangent bundle
After direct sums of two line bundles, the natural rank-2 vector bundle to
consider is the tangent bundle itself, which for CP2 is indecomposable. Unlike the
direct sums, there is no stability condition to solve: T is stable as a vector bundle,
and therefore (T,Φ) is stable for any Φ. Note that H0(CP2,End0T ⊗T ∗) = 0: the
tangent bundle of CP2 fails to admit any nonzero Higgs fields in the conventional
sense. On the other hand, the vector space H0(End0T ⊗ T ) is 18-dimensional.
The space H0(End0T (1)) is 6-dimensional, and we have a canonical isomor-
phism
C3 ⊗H0(End0T (1)) ∼= H0(End0T ⊗ T ).(5.8)
This isomorphism comes to us by way of the Euler sequence (5.2). Applying
End0T⊗ to (5.2) produces another short exact sequence,
0 −→ End0T −→ (End0T (1))⊕3 −→ End0T ⊗ T −→ 0.
The first four terms in cohomology are
0→ H0(End0T )→ H0(End0T (1))⊕3 → H0(End0T ⊗ T )→ H1(End0T ).
The leftmost H0 is {0} because T is stable. The space H1(End0T ) is {0}, as T
is rigid. What remains is the isomorphism (5.8). It also follows from the Euler
sequence that the C3 in (5.8) is identified with H0(T (−1)).
If φ is any element of H0(End0T (1)), then (T, φ) is a stable O(1)-valued
Higgs bundle. If detφ ∈ H0(CP2,O(2)) is irreducible as a polynomial, then
the characteristic equation of φ determines a nonsingular spectral cover of CP2
embedded in the total space of O(1). Irreducibility of detφ is an open condition,
and so the generic φ is regular.
According to (5.8), if {φ1, . . . , φ6}, {C1, C2, C3} are bases for H0(End0T (1))
and H0(T (−1)), respectively, then any Φ ∈ H0(End0T ⊗ T ) can be written as a
tensor Φ =
∑6
i=1
∑3
j=1 aijφi ⊗ Cj for some aij ∈ C. In particular, we can take a
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basis of H0(End0T (1)) consisting of regular elements φ1, . . . , φ6. Consider Lemma
2.2 applied to φi: there is a short exact sequence
0 −→ O(−1) φi−→ End0T [−,φi]−→ Q→ 0,
where Q = im [−, φi] ⊂ End0T (1). Twisting by O(1) gives an equivalent sequence
0 −→ O φi−→ End0T (1) [−,φi]−→ Q(1)→ 0,
where Q(1) is now the image of [−, φi] when it is regarded as a map of sheaves
from End0T (1) to End0T (2). In cohomology, we have
0 −→ C φi−→ H0(End0T (1)) [−,φi]−→ H0(Q) −→ 0.
The kernel in the sequence consists of the scalar multiples of φi. Consequently,
H0(Q) = im [−, φi] ⊂ H0(End0T (2)) is 5-dimensional and spanned by the [φj , φi],
j 6= i.
Therefore, Φ ∧ Φ is a linear combination of terms [φi, φj ]Ck ∧ Cl, with i 6= j
and k 6= l. In order to have Φ ∧ Φ = 0, we must have either Φ = ∑ ajφiCj for
a fixed i or Φ =
∑
aiφiCj for a fixed j. In either case, Φ = φ ⊗ C for some
φ ∈ H0(End0T (1)) ∼= C6 and for some C ∈ H0(T (−1)) ∼= C3.
As with the O ⊕ O(−1) case, the moduli space is a quotient of C6 × C3,
but now the C6 cannot be identified with the space of determinants for φ. In the
case of V = T , we have that det : H0(End0T (1)) → H0(O(2)) is a double cover
of C6 by itself. Of course, this is true in the case of V = O ⊕ O(−1), but for
that bundle we can use the automorphism ψ = diag(1,−1) to identify φ and −φ
in the moduli space. Consequently, conjugacy classes of O(1)-valued Higgs fields
for O ⊕ O(−1) are in 1:1 correspondence with their determinants. In contrast,
there are no automorphisms of T other than multiples of 1T (by the stable implies
simple property), and so detφ does not determine the isomorphism class of φ,
unless detφ = 0.
The result is that we obtain the moduli space by quotienting
H0(End0T (1))×H0(T (−1)) = C6 ×C3
by a C∗ action with weights ±1, which accounts for the fact that (λ−1φ) ⊗ (λC)
gives rise to the same Φ as φ⊗C. As before, we need a stability condition for the
quotient, but this time it does not descend automatically from the slope stability
condition. Both C 6= 0 and detφ 6= 0 are acceptable conditions, and neither
contradicts slope stability. Staying consistent with the previous examples, we take
C 6= 0, resulting in the bundle OCP2(−1)⊕6. As in the V = O⊕O case, we need to
contract the zero section to a point — however, the reason is different. Previously,
there existed points that were semistable but not stable. There are no such points
for V = T . The problem is that the points along the zero section are of the form
φ ⊗ C with detφ = 0. Since detφ = 0 implies φ = 0, every point on the zero
section must be the zero Higgs field.
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Theorem 5.9. The moduli space CHB(−1, 1) is the total space of OCP2(−1)⊕6
with points along the zero section identified with Φ = 0.
Remark 5.10. The moduli space we have just described is CHB(3, 3): we found
all of the integrable Higgs fields for T , and T is the only rank-2 bundle with
Chern classes c1 = 3H, c2 = 3H
2. The normalizing isomorphism CHB(3, 3) ∼=
CHB(−1, 1) comes from tensoring T by O(−2). Tensoring by O(−3) instead,
we get the moduli space CHB(−3, 3) of co-Higgs bundles with underlying bundle
isomorphic to the cotangent bundle.
6. SCHWARZENBERGER BUNDLES
There is a common outcome in the examples so far: each of O ⊕ O(−1),
O ⊕O, and T underlies an 8-dimensional family of co-Higgs bundles. For two of
these examples, stable integrable Higgs fields always decompose as Φ = φ ⊗ C,
with φ an O(1)-valued Higgs field and C a section of T (−1). It turns out that
there is a framework into which these examples can be placed, one that provides
(a) a rationale for the decomposition of Φ, and (b) many more examples.
We recall basic facts surrounding Schwarzenberger’s construction of rank-2
holomorphic vector bundles on CP2 [17]. For each nonzero irreducible polynomial
ρ ∈ H0(CP2,O(2)), we can find a holomorphic cover
fρ : CP1 ×CP1 2:1−→ CP2,
branched over the nonsingular conic determined by ρ. (Two ρ that differ only in
scale determine the same cover and the same branch conic.) Each ρ also comes
with a sequence of sheaves {V ρk }k≥0, defined by
V ρk := f
ρ
∗O(0, k)
for k ≥ 0, where O(0, k) := O1⊗O2(k) has O1 is pulled back from one ruling and
O2 from the other. The sheaves V ρk are now called Schwarzenberger bundles. To
emphasize the choice of k, we may refer to V ρk as a “k-Schwarzenberger” bundle.
For convenience, we will use the symbol [ρ] to refer to both the projective class of
a section ρ ∈ H0(CP2,O(2)) and to the geometric conic {x ∈ CP2 : ρ(x) = 0}.
The following properties of V ρk can be found in [17], [6, pp.46–51], and [2,
§2]:
(i) The naming is sound: V ρk is locally-free of rank 2 for all [ρ] ∈ CP5 =
P
(
H0(O(2))\ {0}) and for all k ≥ 0 [17, Thm.2].
(ii) For k = 0, 1, 2, the bundle V ρk is rigid. For k ≥, the space of first-order
deformations of V ρk is
H1(CP2,End0V
ρ
k ) = C
k2−4.
(These results will be recovered in our calculations below, in §6.1.)
(iii) V ρk is indecomposable and slope stable for k ≥ 2 [2, Thm.2.7].
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(iv) V ρ0
∼= O ⊕O(−1), V ρ1 ∼= O ⊕O, and V ρ2 ∼= T (−1) are independent of [ρ],
even when [ρ] is reducible. (This is true because O⊕O(−1), O⊕O, and T
are the only locally-free sheaves on CP2 with their Chern classes. In the
case where [ρ] is reducible, the quadric double cover is singular and the line
bundle O(0, k) is replaced by a reflexive sheaf I with c1(I) = c1(O(0, k)).
The direct image of I is reflexive, and hence locally free on CP2.)
(v) For k ≥ 3, V ρk ∼= V ρ
′
k if and only if V
ρ
k and V
ρ′
k come from the same branch
conic, that is, if and only if ρ ≡ ρ′ in CP5. (The line bundle O(0, k) is
rigid, and so the only data that goes into constructing V ρk is [ρ] ∈ CP5.
On the other hand, for k ≥ 3, h1(End0V ρk ) = k2 − 4 ≥ 5.)
(vi) After a Grothendieck-Riemann-Roch calculation [17, Thm.5], one obtains
c1(V
ρ
k ) = (k − 1)H
c2(V
ρ
k ) =
k(k − 1)
2
H2
and
c1((V
ρ
k )
∨) = (1− k)H
c2((V
ρ
k )
∨) =
k(k − 1)
2
H2.
(vii) V ρk
∼= V ρk′ if and only if k = k′. This follows from the Chern data: even
after normalizing c1 to one of 0 or −H, c2 remains a strictly monotone
function of k.
Note that for k > 3, h1(End0V
ρ
k ) > 5, and so there are deformations of
V ρk that are not obtained from the Schwarzenberger construction; in other words,
there are deformations V of V ρk for which V  V
ρ′
k for any [ρ
′] ∈ CP5.
Having studied k = 0, 1, 2 already, we will focus on k ≥ 3. From now on, we
assume that [ρ] is a nonsingular conic.
6.1. Cohomology of the twisted endomorphism bundles
We exploit the double cover and the push-pull property of the direct image
functor in order to access the cohomology of twisted endomorphism bundles of V ρk
with nonsingular [ρ].
Proposition 6.1. Assume k ≥ 3 and d ≥ 0. If d ≥ k − 1, then
h0(CP2,End0V
ρ
k (d)) =
d(d+ 1)
2
+ (d+ 2)2 − k2;
else,
h0(CP2,End0V
ρ
k (d)) =
d(d+ 1)
2
.
Proof. Pulling back V ρk to CP
1 ×CP1 gives us a surjective map
(fρ)∗V ρk → O(0, k),
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which defines a short exact sequence
0→ O(a, b)→ (fρ)∗V ρk → O(0, k)→ 0.(6.2)
Because of c1(V
ρ
k ) = (k − 1)H and functoriality, we must have
O(k − 1, k − 1) = ∧2(fρ)∗V ρk = O(a, b+ k),
and so O(a, b) = O(k − 1,−1). The dual sequence
0→ O(0,−k)→ (fρ)∗(V ρk )∨ → O(1− k, 1)→ 0
can be twisted by O(d, d+ k) to give
0→ O(d, d)→ (fρ)∗(V ρk )∨(d, d+ k)→ O(d− k + 1, d+ k + 1)→ 0
Because H1(O(d, d)) = 0, we have
h0((fρ)∗(V ρk )
∨(d, d+ k)) = h0(O(d, d)) + δk,dh0(O(d− k + 1, d+ k + 1))
= (d+ 1)2 + δk,d(d+ 2− k)(d+ 2 + k)
= (d+ 1)2 + δk,d((d+ 2)
2 − k2),
where δk,d = 1 if d ≥ k − 1 and 0 otherwise. By (6.2), we have
h0(EndV ρk (d)) = (d+ 1)
2 + δk,d((d+ 2)
2 − k2).
Removing the trace in H0(O(d)) leaves
h0(End0V
ρ
k (d)) = (d+ 1)
2 + δk,d((d+ 2)
2 − k2)− (d+ 1)(d+ 2)
2
=
d(d+ 1)
2
+ δk,d((d+ 2)
2 − k2).

Because stability implies H0(End0V
ρ
k ) = 0 for k ≥ 2, we have H2(End0V ρk (d)) =
H0(End0V
ρ
k (−d − 3))∨ = 0 for d ≥ 0. Combining this fact with Proposition 6.1
and then performing a Riemann-Roch calculation, we get:
Corollary 6.3. Again, k ≥ 3 and d ≥ 0. If d ≥ k−1, then H1(CP2,End0V ρk (d)) =
0; else, h1(CP2,End0V
ρ
k (d)) = k
2 − d2 − 4d− 4.
Proposition 6.4. When k > 3, we have h0(CP2,End0V
ρ
k ⊗ T ) = 3. For k = 3,
h0(CP2,End0V
ρ
3 ⊗ T ) = 8.
Proof. There is another push-pull identity:
H0(CP2, (V ρk )
∨ ⊗ V ρk ⊗ T ) = H0(CP1 ×CP1, (fρ)∗((V ρk )∨ ⊗ T )⊗O(0, k)),
and so we may calculate the dimension on the right instead. Recall from the proof
of Proposition 6.1 the short exact sequence
0→ O(1− k, 1)→ (fρ)∗V ρk → O(0, k)→ 0.(6.5)
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The dual sequence to (6.5) is
0→ O(0,−k)→ (fρ)∗(V ρk )∨ → O(1− k, 1)→ 0,(6.6)
from which we arrive at
0→ (fρ)∗T → (fρ)∗((V ρk )∨ ⊗ T )(0, k)→ (fρ)∗T (1− k, k + 1)→ 0.(6.7)
We want to calculate H0 for the middle term.
At k = 2, sequence (6.5) looks like
0→ O(1,−1)→ (fρ)∗V ρ2 → O(0, 2)→ 0,
which becomes
0→ O(2, 0)→ (fρ)∗T → O(1, 3)→ 0(6.8)
after a twist by O(1, 1). Yet another twist, this time by O(1− k, 1 + k), gives
0→ O(3− k, 1 + k)→ (fρ)∗T (1− k, 1 + k)→ O(2− k, 4 + k)→ 0.(6.9)
The cohomology of (6.9) tells us that H0(CP1×CP1, (fρ)∗T (1−k, 1+k)) vanishes
for k > 3. From (6.7), we find that
H0(CP1 ×CP1, (fρ)∗((V ρk )∨ ⊗ T )⊗O(0, k)) ∼= H0(CP1 ×CP1, (fρ)∗T ),
and from (6.8) we can read off that h0(CP1 × CP1, (fρ)∗T ) = 11. Traces of T -
valued endomorphisms of V ρk are vector fields on CP
2, spanning an 8-dimensional
vector space. It follows that h0(CP2,End0V
ρ
k ⊗ T ) = 3.
When k = 3, sequence (6.9) tells us that H0(CP1×CP1, (fρ)∗T (1−k, 1+k))
is not zero, but rather 5-dimensional, coming from H0(CP1×CP1,O(3−k, 1+k)),
and so
h0((fρ)∗((V ρk )
∨ ⊗ T )⊗O(0, k)) = h0((fρ)∗T ) = 11 + 5 = 16.
Setting the trace to zero leaves an 8-dimensional space. 
If we take the dual Euler sequence and twist by End0V
ρ
k (−3), we have
0→ End0V ρk ⊗ T ∗(−3)→ (End0V ρk (−4))⊕3 → End0V ρk (−3)→ 0.
But H0(End0V
ρ
k (−3)) = H2(End0V ρk )∨ = 0 because of Proposition 6.1 applied to
d = 0. It follows that H0(End0V
ρ
k (−4)) = 0 as well, and so in turn, we get
h2(End0V
ρ
k ⊗ T ) = h0(End0V ρk ⊗ T ∗(−3)) = 0.
We use Hirzebruch-Riemann-Roch to get h1(End0V
ρ
k ⊗ T ) = 0 when k = 3 and
2k2 − 23 when k > 3.
For ease of reference, the information above is summarized in the following
tables.
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Table 1. k = 3
V ρ3 h
0 h1 h2
End0V
ρ
3 0 5 0
End0V
ρ
3 (1) 1 0 0
End0V
ρ
3 (2) 10 0 0
End0V
ρ
3 ⊗ T 8 0 0
End0V
ρ
3 ⊗ ∧2T = End0V ρ3 (3) 22 0 0
Table 2. k > 3
V ρk h
0 h1 h2
End0V
ρ
k 0 k
2 − 4 0
End0V
ρ
k (1) 1 k
2 − 9 0
End0V
ρ
k (2) 3 k
2 − 16 0
End0V
ρ
k ⊗ T 3 2k2 − 23 0
End0V
ρ
k ⊗ ∧2T = End0V ρk (3) 15 if k = 4; 6 if k > 4 max(0, k2 − 25) 0
6.2. Determining integrable Higgs fields
We use the Euler sequence again. Twisting the sequence by End0V
ρ
k ⊗ gives
the cohomology sequence
0→ H0(End0V ρk )→ C3 ⊗H0(End0V ρk (1))→ H0(End0V ρk ⊗ T )(6.10)
→ H1(End0V ρk )→ C3 ⊗H1(End0V ρk (1))→ · · · ,
in which C3 is, as before, identified with H0(T (−1)).
Exclude k = 3 for the moment. By stability, H0(End0V
ρ
k ) = 0 and so the
sequence (6.10) begins with C3 ⊗ H0(End0V ρk (1)) ↪→ H0(End0V ρk ⊗ T ). On the
other hand, according to Table 2, h0(End0V
ρ
k (1)) = 1 and h
0(End0V
ρ
k ⊗ T ) = 3,
and what we are left with is
H0(End0V
ρ
k (1))⊗H0(T (−1)) ∼= H0(End0V ρk ⊗ T ).
Since H0(End0V
ρ
k (1)) is 1-dimensional, we can fix a generator, say φ0, and then
(6.11) says that if Φ ∈ H0(End0V ρk ⊗ T ), then there exists a C ∈ H0(T (−1)) such
that Φ = φ0 ⊗C. It follows that, for any Φ ∈ H0(End0V ρk ⊗ T ), we have Φ ∧Φ =
[φ0, φ0]C ∧C = 0. In other words, for k > 3, every element of H0(End0V ρk ⊗ T ) is
an integrable Higgs field. If we choose a different nonsingular conic [ρ′], the values
in Table 2 still hold for the new bundle V ρ
′
k , and so elements of H
0(End0V
ρ′
k ⊗ T )
decompose in the same manner and are integrable. Automorphisms of any V ρk
act trivially on Higgs fields since V ρk is stable as a bundle; that is, if Φ1 6= Φ2 in
H0(End0V
ρ
k ⊗ T ), then (V ρk ,Φ1) and (V ρk ,Φ2) are distinct points in the moduli
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space. Therefore, a description of the moduli space amounts to keeping track of
how φ varies with [ρ], and how different choices of φ and C might give rise to the
same Φ. In the following statement, ∆ ⊂ CP5 denotes the set of singular conics in
CP2; Sk ⊂ CHB (k − 1, k(k − 1)/2), the moduli space of stable co-Higgs bundles
whose underlying bundles are the k-Schwarzenberger bundles for nonsingular [ρ];
and S∗k, the complement of Φ = 0 in Sk.
Theorem 6.11. Fix an integer k > 3. Then S∗k is an 8-dimensional space fibred
over projective space in two ways. The first is piA : S
∗
k −→ CP2 whose fibres
pi−1A ([C]) are isomorphic to an unbranched double cover of OCP5\∆(−1)0, and the
other, piB : S
∗
k −→ CP5\∆, whose fibres are pi−1B ([ρ]) ∼= OCP2(−1)0; in both cases,
0 refers to the complement of the zero section.
Proof. A Higgs field for V ρk has the form Φ = φ⊗C for some φ ∈ H0(End0V ρk (1)) ∼=
C and some C ∈ H0(T (−1)) ∼= C3. If we fix the projective class of C, then
rescaling φ changes the isomorphism class of Φ, and the isomorphism classes of
Higgs fields for fixed [C] ∈ CP2 form a copy of C. The determinant of an element
φ in this line is αρ for some α ∈ C∗ (detφ = 0 is excluded because Φ 6= 0). We
also have det(−φ) = αρ. When we let [ρ] vary in CP5\∆, the determinants of φ
form the complement of the zero section in the tautological bundle OCP5∆(−1).
Taken altogether, for a fixed [C], the space of Higgs fields is an everywhere 2:1
cover of OCP5\∆(−1). On the other hand, if we fix [ρ], then we get Higgs fields of
the form φ⊗ C for some nonzero φ and nonzero C. The Higgs field Φ = φ⊗ C is
unchanged if we replace φ with λ−1φ and C with λC, for any λ ∈ C∗. Under the
stability condition C 6= 0, the quotient is OCP2(−1)0. 
The quotients in the preceding theorem do not depend on k, and so:
Corollary 6.12. If k, k′ > 3, then Sk ∼= Sk′ .
The analogous statement for k = 3 is harder to ascertain because (6.10)
reduces only so far as
0→ C3 ⊗H0(End0V ρ3 (1))→ H0(End0V ρ3 ⊗ T )→ H1(End0V ρ3 )→ 0.(6.13)
The dimensions of the three terms can be read off from Table 1 as 3, 8, and 5,
respectively. The subspace C3 ⊗H0(End0V ρ3 (1)) of H0(End0V ρ3 ⊗ T ) consists of
integrable Higgs fields of the form Φ = φ ⊗ C. Considering only nonzero Higgs
fields of this type gives us a family S∗3 with description identical to that in Theorem
6.11, but we cannot preclude the possibility of integrable Higgs fields that cannot
be expressed as a simple tensor φ⊗ C.
7. DEFORMATIONS
If k > 3, then h1(End0V
ρ
k ) > 5 and so there are deformations of the bundle
V ρk that do not come from pushing down a rank-1 sheaf on a quadric (nonsingular
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or otherwise). Is it possible to deform a point (V ρk ,Φ) ∈ S∗k into a co-Higgs bundle
whose underlying bundle does not come from a sheaf on a quadric? When k = 3,
h1(End0V
ρ
3 ) = 5 and every deformation of V
ρ
3 comes from a sheaf on a quadric, but
the space of integrable Higgs fields for a fixed V ρ3 is not necessarily 3-dimensional.
Can we deform a nonzero Higgs field of the form φ⊗C for V ρ3 into one that is not
a simple tensor?
The answer to both questions is “no”. In the arguments to follow, it suffices to
fix a nonzero generator φ0 of H
0(End0V
ρ
k (1)) = C. Because (V
ρ
k , φ0) has smooth
spectral cover CP1 ×CP1 for [ρ] ∈ CP5\∆, we may use in the arguments below
that φ0 is regular.
Theorem 7.1. Fix [ρ] ∈ CP5\∆. For k > 3, we have dimCH1(V ρk ,Φ) = 8 at each
(V ρk ,Φ) with Φ 6= 0. For k = 3, we have dimCH1(V ρ3 ,Φ) = 8 at each (V
ρ
3 ,Φ) for
which Φ = φ0 ⊗ C, where C ∈ H0(T (−1))\ {0}.
Proof. The sequence (3.3) contains a short exact sequence
0 −→ E1,02 −→ H1(V,Φ) −→ E0,12 d2−→ {0} ⊂ E2,02 ,
allowing us to calculate dimH1(V,Φ) from dim E1,02 and dim E0,12 . To see that
im(d2) = {0}, let (ψαβ) be a cocycle in
ker H1(End0V
ρ
k )
[−,Φ]−→ H1(End0V ρk ⊗ T ).
Then [ψαβ , φ0C] = θβC − θαC, where θα, θβ are 0-cochains for End0V ρk ⊗ T . But
then d2(ψαβ) = [θβC, φ0C] = [θβ , φ]C ∧ C = 0.
Case 1: k > 3.
We need to determine the dimensions of E1,02 and E0,12 . Directly,
E1,02 =
ker H0(End0V
ρ
k ⊗ T )
∧Φ−→ H0(End0V ρk ⊗ ∧2T )
im H0(End0V
ρ
k )
∧Φ−→ H0(End0V ρk ⊗ T )
=
{
Θ ∈ H0(End0V ρk ⊗ T ) : Θ ∧ Φ = 0
}
= H0(End0V
ρ
k ⊗ T ),
since H0(End0V
ρ
k ) = 0, and since every Θ ∈ H0(End0V ρk ⊗ T ) can be written as
θ · C ′ = aφ0 ⊗ C ′ for some a ∈ C. From this, we have Θ ∧ Φ = [θ, φ0] · C ′ ∧ C =
a [φ0, φ0] · C ′ ∧ C. Therefore, E1,02 = H0(End0V ρk ⊗ T ) = C3.
Next, we claim that
dim E0,12 := dim ker
(
H1(End0V
ρ
k )
∧Φ−→ H1(End0V ρk ⊗ T )
)
= 5.
This map on 1-cochains induced by ∧Φ factors into two maps:
[−, φ0] : H1(End0V ρk ) −→ H1(End0V ρk (1)),
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followed by
∧ C : H1(End0V ρk (1)) −→ H1(End0V ρk ⊗ T ).
First, we show that that ker H1(End0V
ρ
k )
[−,φ0]−→ H1(End0V ρk (1)) is 5-dimensional.
Note that since H0(End0V
ρ
k (1)) = C, φ0 and φ
∨
0 must be scalar multiples of
one another, and so the full extent of Lemma 2.2 applies: there exist two short
exact sequences of bundles,
0−→O(−1) φ0−→ End0V ρk
[−,φ0]−→ Q→ 0(7.2)
and
0→ Q −→ End0V ρk (1)
φ0−→ O(2)→ 0(7.3)
The long exact cohomology sequence of (7.2) has H0(Q) = 0 and H1(End0V
ρ
k )
∼=
H1(Q). Using these facts, (7.3) has cohomology
0→ H0(End0V ρk (1))→ H0(O(2))→ H1(End0V ρk )
[−,φ0]−→ H1(End0V ρk (1))→ 0,
which gives us the required surjectivity. We can also read off from the sequence
that ker [−, φ0] : H1(End0V ρk )→ H1(End0V ρk (1)) is 5-dimensional.
Now we show that the second map, H1(End0V
ρ
k (1))
∧C−→ H1(End0V ρk ⊗ T ),
is injective. Note that the exact sequence
0→ End0V ρk (1)→ End0V ρk ⊗ T → End0V ρk (2)⊗ Ix → 0
coming from the map O → T (−1) given by f 7→ fC. Since C is not identically
zero, it vanishes only at a point x ∈ CP2, which defines Ix. The long cohomology
sequence begins with the left-exact sequence
0→ H0(End0V ρk (1))→ (End0V ρk ⊗ T )→ H0(End0V ρk (2)⊗ Ix)
in which the first term is 1-dimensional and the second is 3-dimensional. Referring
to the cohomology table we also know that h0(End0V
ρ
k (2)) = 3, and so the con-
straint that sections vanish at x means h0(End0V
ρ
k (2)⊗ Ix) = 2. This makes the
left-exact sequence fully exact. Therefore, H1(End0V
ρ
k (1))→ H1(End0V ρk ⊗ T ) is
injective.
Hence dim E0,12 = 5, and so dimH1(V ρk ,Φ) = 8.
Case 2: k = 3.
We claim that dim E1,02 = 3. Again, we have
E1,02 =
{
Θ ∈ H0(End0V ρ3 ⊗ T ) : Θ ∧ Φ = 0
}
.
Recall also the short exact sequence
0→ C3 ⊗H0(End0V ρ3 (1))→ H0(End0V ρ3 ⊗ T )→ H1(End0V ρ3 )→ 0.
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We know C3 ⊗H0(End0V ρ3 (1)) ⊂ E1,02 . We want to show that the inclusion is an
inequality.
Use x again for the vanishing point of C; Ix, the ideal sheaf concentrated
there. The equation Ψ ∧ Φ = 0 can be written [φ0,Θ ∧ C] = 0. Solving this
and extending via Hartogs over x, we get Θ = sφ0, where s ∈ H0(O(1)) because
Θ ∈ H0(End0V ρ3 (2)⊗ Ix). Since φ0 is regular, it must be s that vanishes at x; in
particular, s passes through x. This means that there are two degrees of freedom
in choosing s: a single restriction applied to H0(O(1)) = C3. Consider now the
map on functions given by f 7→ Cf . This gives rise to an exact sequence of sheaves
0→ O → T (−1)→ Ix ⊗O(1)→ 0,
which in turn gives us
0→ End0V ρ3 (1)→ End0V ρ3 ⊗ T ∧C−→ End0V ρ3 (2)⊗ Ix → 0
once we apply End0V
ρ
3 (1)⊗. Applying H0 and noting H1(End0V p3 (1)) = 0, we
have
0→ H0(End0V ρ3 (1))→ H0(End0V ρ3 ⊗ T ) ∧C−→ H0(End0V ρ3 (2)⊗ Ix)→ 0,
in which the first space, H0(End0V
ρ
3 (1)), is 1-dimensional. The problem is now
about determining which elements of H0(End0V
ρ
3 ⊗T ) go to elements of the form
sφ0 in H
0(End0V
ρ
3 (2) ⊗ Ix). Since such elements form a 2-dimensional sub-
space of H0(End0V
ρ
3 (2) ⊗ Ix), and since the kernel of the exact sequence is 1-
dimensional, we conclude that inside H0(End0E3⊗T ) is a 3-dimensional subspace
whose elements take the desired form after ∧C, and this subspace is precisely
C3 ⊗H0(End0V ρ3 (1)).
To finish, we need to show that
dim E0,12 := ker H1(End0V ρ3 ) ∧Φ−→ H1(End0V ρ3 ⊗ T ) = 5.
This follows straight away from
h1(End0V
ρ
3 ) = 5 and h
1(End0V
ρ
3 ⊗ T ) = 0,
as listed in the cohomology table. Therefore, dimH1
(V ρ3 ,Φ)
= 8.

Remark 7.4. Calculations along the lines of those in the proof of Theorem 7.1
show that, for k ≥ 3, dimH2 6= 0 at any (V ρk , φ ⊗ C) with φ ⊗ C 6= 0. Although
the obstruction space is large (it varies with k, but is at least 9-dimensional), it
is clear from Theorem 6.11 that, exluding zero Higgs fields, the co-Higgs bundles
of our construction are situated in a smooth subvariety of their respective moduli
spaces. This subvariety is isomorphic to S∗k.
Theorem 7.1, when combined with earlier results for O⊕O(−1), O⊕O, and
T , leads us to the following set of conclusions:
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Corollary 7.5. Let k be a nonnegative integer.
(i) If k = 0, 1, 2, let [ρ] ∈ CP5 and Φ be any stable Higgs field for V ρk satisfying
Φ ∧ Φ = 0.
(ii) If k = 3, let [ρ] ∈ CP5\∆ and let Φ be any Higgs field for V ρ3 of the
form φ ⊗ C for some φ ∈ H0(CP2,End0V ρ3 (1))\ {0} and some C ∈
H0(T (−1))\ {0}.
(iii) If k > 3, let [ρ] ∈ CP5\∆ and let Φ be any nonzero Higgs field for V ρk .
Then (V ρk ,Φ) can only be deformed to a co-Higgs bundle whose underlying bundle
is V ρ
′
k , where [ρ
′] is a (possibly singular) conic in CP2. If a first-order deformation
(V ′,Φ′) of (V ρ3 , φ ⊗ C) has underlying bundle V ′ = V ρ
′
3 for some [ρ
′] ∈ CP5\∆,
then Φ′ = φ′⊗C ′ for some φ′ ∈ H0(CP2,End0V ρ
′
3 (1)) and some C
′ ∈ H0(T (−1)).
Remark 7.6. Corollary 7.5 says that, nearby to a co-Higgs bundle of Schwarzen-
berger type, there are no co-Higgs bundles of a different type. For k ≥ 3, corollary
7.5 does not necessarily imply that the families S∗k are topological components of
their respective moduli spaces of co-Higgs bundles. Because our arguments rely
on regularity, we have not ruled out the following possibilities: deforming out of
the Schwarzenberger family from a point (V ρk ,Φ) for which [ρ] is singular; or, since
the zero Higgs field is stable in these cases, constructing a connected path from
a point (V ρk ,Φ) to the zero Higgs field and then into the moduli space of stable
bundles on CP2, which is a locus in the moduli space of stable co-Higgs bundles.
8. REMARKS
8.1. Spectral interpretation and Hitchin map
In our construction, we fashion co-Higgs bundles from direct images of line
bundles on CP1 ×CP1. But CP1 ×CP1 is a naturally a subvariety of CP3, via
the Segre embedding, and CP3 is the one-point compactification of the total space
of O(1) → CP2. By the spectral correspondence for Higgs bundles, this means
that pushing down line bundles from the quadric yields not only vector bundles
on CP2, but also O(1)-valued Higgs fields, which we have already seen appearing
as intermediate objects in our construction.
We can view the entire O(1)-valued side of the construction as occurring
within CP3. Let u, v, w be affine coordinates on CP3. We fix the plane P =
CP2 defined by w = 0 and a smooth quadric Qρ = CP
1 × CP1 defined by
w2 − ρ(u, v) = 0, where ρ ∈ H0(P,O(2)). We can project Qρ onto P from the
point at infinity, giving us a projection map fρ whose branch locus is the conic
determined by ρ. The line bundle O(1, 1) → Qρ, which is the pullback of O(1)
from CP3, has a four-dimensional space of sections. Three independent generators
for this space are generators of H0(P,O(1)) ∼= C3, pulled back to Qρ. The fourth
generator is the tautological section s of the pullback of O(1)→ P to its own total
24 CONSTRUCTING CO-HIGGS BUNDLES ON CP2
space. This section gives us a multiplication O(0, k) s→ O(1, k + 1) over Qρ that
can be pushed down via the projection map fρ, giving a twisted endomorphism
φ = fρ∗ s : V
ρ
k → V ρk (1) with determinant ρ ∈ H0(P,O(2)).
Whenever we have φ ∈ H0(End0V ρk (1)) with determinant ρ, we can get
a T -valued Higgs field for V ρk by tensoring φ with a section C of T (−1). The
determinant transforms, accordingly, from ρ to ρC ⊗ C. The spectral variety Qρ
transforms into a subvariety Qρ,C ⊂ Tot(pi : T → CP2) cut out by the equation
η2−pi∗(ρC⊗2) = 0, where η is the tautological section of pi∗T . Since C vanishes at
a point in CP2, Qρ,C will be a singular subvariety. This is consistent with the fact
that every Higgs field we have constructed vanishes at a point in CP2, because
of the factor of C, and therefore Φ could not been pushed down from a smooth
spectral cover in Tot(T ).
8.2. Extending across ∆
When ρ is reducible, the associated double cover of CP2 is a singular quadric.
The line bundle O(0, k) is replaced by a reflexive sheaf I. The direct image of I
under fρ is a reflexive sheaf on CP2, and therefore is a rank-2 vector bundle. For
k ≥ 3, a natural question is whether theorems 6.11 and 7.1 can be extended across
∆. We leave this question for future work, but offer some basic comments. The
functions hi,k(ρ) := dimHi(End0V
ρ
k ⊗∧kT ) are constant over the nonsingular locus
CP5\∆. We do not have a unique extension theorem for the hi,k. Alternatively, we
could try to calculate the numbers hi,k over ∆ directly. The push-pull functoriality
does not depend on the smoothness of the double cover. In particular, since fρ is
always finite, there is still an exact sequence of functors
0→ O(−R)⊗ j∗ → (fρ)∗fρ∗ → id→ 0,
where R is the ramification divisor in the quadric and j is the sheet interchange.
However, the arguments used to prove Theorem 7.1 rely on the regularity of φ,
which is unavailable in the singular case.
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